The "law of large numbers" indicates that as sample size increases, sample statistics become less variable and more closely estimate their corresponding population parameters. Different research studies investigating how people consider sample size when evaluating the reliability of a sample statistic have found a wide range of responses, from no consideration of sample size to over consideration of sample size. This paper provides a qualitative meta-analysis of studies that have used what we dub the "Hospital Task" for investigating peoples' thinking about the role of sample size in parameter estimation. This paper aims to investigate what the Hospital Task can tell us about how people make decisions under uncertainty and the usefulness of the task for developing models of students' statistical reasoning. To achieve these goals, we review the original task, synthesize results of other studies which have used some version of this task, provide a critique of the different versions of the task, discuss implications of the task for research, and provide insights and viewpoints from a small group of statisticians. The paper concludes with implications for further research.
Introduction
state that one of the most important aspects of formulating and evaluating inferences is understanding the unpredictability of random phenomenon in the short-run but the predictability in the long-run trends in data (i.e., the law of large numbers). Hence, concepts of sample size and variability are important for students to consider when making inferences from a sampling distribution to a population and making connections between empirical and theoretical probability. According to Garfield and Ben-Zvi (2008) , there are two major concerns of sampling: sampling representativeness and sampling variability, and both must "be understood and carefully balanced in order to understand statistical inference (p. 237)." Rubin, Bruce, and Tenny (1991) raise their concern that over dependence on sampling representativeness influences students to think that a sample tells everything there is to know about a population, while over reliance on sampling variability influences students to think a sample explains nothing important about a population. Other research on students' informal and formal inferential reasoning suggests that students have many difficulties in understanding statistical inference, which involves building a schema of many interrelated ideas such as representativeness, sampling variability and distribution (Saldanha and Thompson 2007; Shaughnessy 2007 ).
Statistics education researchers study student thinking about sample size and variability in order to build models of student development and better inform the teaching and learning of statistics. We hypothesize that as part of the process of studying student thinking, statistics education researchers develop statistics tasks they hope will produce useful data on student thinking. In fact, design research in mathematics education specifically focuses on designing mathematical tasks that serve to both influence student learning in particular directions and provide researchers with models of student learning (e.g., Gravemeijer 1998; Gravemeijer and Cobb 2006 ). Yet other research (e.g., psychology, cognitive science) may focus on how people process information or make decisions based on uncertainty rather than building models of student thinking (e.g., Kahneman and Tversky 1972) . Different research goals mean that research tasks are developed for different purposes. Statistics educators' ability to construct models of student thinking, as well as theories of student learning, based on research are only as robust as the tasks developed by researchers. Tasks are often recycled, revised, refined and tested with different populations of students and for different purposes over a period of time. In statistics education, student responses on a particular task are studied to build frameworks of student reasoning. Typically, when different studies or multiple iterations of the same study use the same task and similar types of student responses are observed, then a research community may see the tasks as producing reliable sources of information about student reasoning. That is, frameworks (generated by researchers) that outline important aspects of student thinking and learning, based on observed student responses to a task, are seen as more reliable by the research community when multiple studies observe similar types of student responses (see examples in Shaughnessy 2007 ).
Thus, in order for the statistics education community to evolve, it is important, from time to time, to synthesize and critique prior research and the tasks used in the research. That is just what this paper aims to do. Specifically, the two questions guiding this paper are: (1) What do the results from the different "Hospital Task" studies tell us about how people reason and make decisions?; and (2) What can statistics educators glean from the results of the "Hospital Task" in terms of frameworks that explain students' statistical reasoning?
To answer the research questions posed, the paper takes the following approach: (1) summarize the results of Kahneman's and Tversky's (1972) work with the original version of the Hospital Task; and (2) synthesize and critique the body of research that has used the Hospital Task (or some version of it). We hypothesize that a thorough review of the Hospital Task and studies that have used it make a contribution to the literature because a thorough analysis of the strengths and weakness of the prior research facilitate more robust developments in future studies investigating student thinking about sample size and variability. Kahneman's and Tversky's (1972) seminal work illustrated the undue confidence that people have in the reliability of small samples. In this study, they gave the Hospital Task (see Figure 1 ) as part of a larger survey to tertiary students in a quiz-like fashion. To answer the problem successfully, it is necessary to look beyond the proportions and appreciate the effect of sample size. Kahneman and Tversky were looking to see if students would choose option (b) (Figure 1 ), recognizing that smaller sample sizes are more likely to have greater variability. Kahneman and Tversky (1972, p. 443 ) Kahneman and Tversky (1972) reported that fifty-six percent of the students judged the probability of obtaining more than 60% boys to be the same in the small and in the large hospital (option c) 1 . That is, the students answered that the two hospitals were equally likely to record an uneven proportion of births. According to Kahneman and Tversky, the representativeness heuristic underlies this misconception. People who rely on the representative heuristic tend to estimate the likelihood of events by neglecting the sample size or by placing undue confidence in the reliability of small samples. However, sampling theory suggests that the expected number of days on which more than 60% of the babies are boys is more likely to occur in a small hospital because a small sample size is more likely to digress from the true population percentage (50%). As the sample size increases, the sample statistic (here the proportion of boys born) is more 1 We will refer to this option as the "equally likely" option. It is the option that has been dubbed as the "main misconception" option in much of the literature.
Summary of the Original Hospital Task

The Hospital Problem
A certain town is served by two hospitals. In the larger hospital about 45 babies are born each day, and in the smaller hospital about 15 babies are born each day. As you know, about 50% of all babies are boys. The exact percentage of baby boys, however, varies from day to day. Sometimes it may be higher than 50%, sometimes lower. For a period of 1 year, each hospital recorded the days on which more than * 60% of the babies born were boys. Which hospital do you think recorded more such days?
(a) The larger hospital (b) The smaller hospital (c) About the same (i.e., within 5% of each other) * The original task had two versions, some with 'more than' and some with 'less than'. We focus our discussion on more than.
likely to approach the theoretical value for the entire population (Fischbein and Schnarch 1997) . About 20% of the students made the appropriate choice (option (b)), whereas about 24% selected option (a) 2 .
It should be noted that Kahneman's and Tversky's initial hypothesis was that people reason using particular heuristics, such as the representative heuristic, regardless of other information, such as sample size, that should influence their decisions. Applying the representative heuristic, "…event A is judged to be more probable than event B whenever A appears more representative" (p. 431). Kahneman and Tversky suspected the equally likely option would appeal to those who use the representative heuristic. They were not interested in studying why students make a particular choice of equally likely or large sample, or small sample, rather they were focused on the outcome of students' decisions. However, focusing only on the outcome of students' decisions is not as useful for researchers who want to build models of student reasoning.
Modifications to the Hospital Task: Concrete Sample Sizes
Since the Hospital Task first appeared in Kahneman's and Tversky's work, researchers (e.g., Evans and Dusoir 1977; Fishbein and Schnarch 1997; Watson and Moritz 2000) , have criticized the original task ( Figure 1 ) as ambiguous because sample sizes are not specified. These researchers modified the original task by adding in concrete sample sizes for the large and small hospitals. For example, Fischbein and Schnarch gave a version of the Hospital Task ( Figure 2 ) that included more explanation of the problem, specifically providing the average number of babies born each day for the small and large hospitals. They also gave frequencies of boys born at the small hospital (more than 9 boys born during a day) and the large hospital (more than 27 boys born during a day), rather than just the percentages (more than 60% boys at each hospital). They gave this task to grades 5, 7, 9, and 11 students (20 students per grade level) and to 18 college students who were prospective teachers specializing in mathematics, none of whom had previously studied probability. Their sample represented a range of students with respect to socioeconomic level and cultural background. The task was administered to each group of students during regularly scheduled class time.
Figure 2. Fischbein's and Schnarch's (1997, p. 98) 
version of the Hospital Task
The response the researchers were looking for is choice (b). They found mixed results and some new issues that did not surface in Kahneman's and Tversky's (1972) work. Table 1 provides a summary of the outcomes of Fischbein's and Schnarch's work. Table 1 shows there were a high number of non-responses, particularly in the lower grades. Nonresponse rates for high school and college students were much lower. In addition, the younger students who did respond tended to choose the large hospital (option (a)); in contrast, the high school and college students in Fischbein's and Schnarch's study tended to select the equally likely option (c). In their study, only one student, a grade 9 student, selected the smaller hospital (option (b)). The results presented by Fischbein and Schnarch (1997) are similar to those of Kahneman and Tversky (1972) in that students at comparable grade levels (i.e., grade 11 students and college students) tended to select the equally likely option (option (c)). However, Fischbein and Schnarch were able to provide new information about responses over a wide range of grade levels. Specifically, lower grades tended to select the larger sample size. Fischbein and Schnarch (1997) also generated new hypotheses with respect to the range of responses. They suggested that differences in students' responses throughout grade levels were a combination of instruction and intellectual development. In a certain town there are two hospitals, a small one in which there are, on the average, about 15 births a day and a big one in which there are, on the average about 45 births a day. The likelihood of giving birth to a boy is about 50%. (Nevertheless, there were days on which more than 50% of the babies born were boys, and there were days on which fewer than 50% of the babies born were boys.) In the small hospital a record has been kept during the year of the days in which the total number of boys was greater than 9, which represents more than 60% of the total births in the small hospital. In the big hospital, they have kept a record during the year of the days in which there were more than 27 boys born, which represents more than 60% of the births. In which of the two hospitals were there more such days?
(a) In the big hospital there were more days recorded where more than 60% boys were born. (b) In the small hospital there were more days recorded where more than 60% boys were born.
option (a) responses can be expected to decline as students progress through school 3 . In addition, it is plausible that the percentage of students selecting the equally likely (option (c)) as opposed to the small sample size (option (b)) increases because mathematics instruction through the middle grades focuses heavily on proportions. Thus, it is likely that students see the problem as pertaining to their ability to recognize that the ratios are identical for the small and large samples, rather than about the law of large numbers (something they are unlikely to have studied at this point in their education).
Modifications to the Hospital Task: Perceptions of Representativeness
Other researchers (e.g., Bar-Hillel 1982; Evans and Dusoir 1977; Evans and Pollard 1982; Well, Polletsak, and Boyce 1990) have criticized the original version of the Hospital Task (Figure 1) for not being able to detect people's intuition about when a particular outcome is far enough away from the expected percentage to be considered non-representative. For example, is the 60% of boys born far enough away from the expected 50% to evoke people's perception of an unusual event? These researchers argued that Kahneman's and Tversky's (1972) task leaves open the question as to whether the students had no intuition for the representativeness of small samples or that they did not find 60% boys born to be non-representative. In other words, the original version of the task does not take into consideration how students may view a sample of 60% boys. Do students find 60% boys born to be unusual in anyway or is it too close to the expected 50%?
Evans ' and Dusoir's (1977) version of the Hospital Task (see Figure 3) contained two modifications to the original task based on their hypothesis that the task wording was overly complex. First, they changed 'for a period of 1 year' to 'on one day.' Second, they changed 'more than 60% boys' to 'all boys.' The researchers predicted that these changes would clarify the problem so that students could more easily recognize the importance of sample size.
Eighty undergraduate students at a city polytechnic participated in Evans' and Dusoir's (1977) study and were randomly given one of four versions of the task. Twenty students were given the original version of the task, 20 students were given a version in which 'for a period of a year' was changed to 'one day,' 20 students were given a version in which 'more than 60% boys' was changed to 'all boys,' and 20 students were given a version that made both the previous changes ('one day' and 'all boys') (see Figure 3 ). In addition, in their version of the task, the equally likely option was omitted. Evans' and Dusoir's (1977, p. 133) 
version of the Hospital Task
Eighty percent (48/60) of the students who had one or both of the 'clarified' versions of the task correctly chose the small hospital. However, only 55% (11 out of 20) of the students who had Kahneman's and Tversky's original version of the task gave the correct answer, the small hospital. Unfortunately, when Evans and Dusoir removed the equally likely option, it may have influenced student responses. Students may have felt they had to select either the large or small hospital and that equally likely was not an option. In addition, they do not report on the types of incorrect responses, so we do not know if any students responded that they could not determine an answer or that the chances are the same for the given percentage of boys born at either hospital. Thus, we do not have the ability to compare to the 'main misconception' as noted by Kahneman and Tversky. Evans' and Dusoir's (1977) changes focused on a sample of babies that produced 100% boys and/or focused on the fact that the sample was based on one day rather than over an entire year, potentially allowing researchers the opportunity to get a sense of when students might find a particular result non-representative. Bar-Hillel (1982) made similar changes in content. He claimed that from a psychological standpoint, people may judge sample results as representative even if they deviate somewhat from the population parameters. That is, a person's judgment that a result of 60% is less likely in larger or smaller sample depends on whether the person perceives the result of 60% boys as non-representative. Bar-Hillel called this primary representativeness. Hence, 60% may not be perceived as non-representative (i.e., far enough away from 50%) and therefore does not evoke subjects' secondary sense of representativeness. Bar-Hillel tested this theory using variations of Kahneman's and Tversky's (1972) problem, including variations to the proportion of boys in the sample from 60% to 70%, and from 60% to 80%. Bar-Hillel gave the different versions of the task to undergraduate students. When Bar-Hillel used Kahneman's and Tversky's version of the task, the results of student responses were similar to what Kahneman and Tversky reported (students tendencies to select the equally likely option (c)). However, in A certain town is served by two hospitals. In the larger hospital about 45 babies are born each day and in the smaller about 15 babies are born each day. As you know, about 50% of all babies are boys. The exact percentage of baby boys born, however, varies from day to day. Sometimes it may be higher than 50%, sometimes lower.
Original Version: For a period of 1 year, each hospital recorded the days on which more than 60% of the babies born were boys. Which hospital do you think recorded more such days?
Modification 1: Which hospital do you think is more likely to find on one day that more than 60% of the babies born were boys?
Modification 2: For a period of 1 year, each hospital recorded the days on which all the babies born were boys. Which hospital do you think recorded more such days?
Both Modifications together: Which hospital do you think is more likely to find on one day that all the babies born were boys? the version of the task that reported the proportion of boys exceeded 70%, the modal response of students in his study became the smaller hospital (option (b)). Bar-Hillel concluded that once students perceive a sample result as non-representative, the sample size is more likely to play a normative role in people's evaluation. That is, students will conclude the smaller sample size is more compatible with non-representative results than a larger sample size.
The work of Bar-Hillel (1982) and of Evans and Dusoir (1977) show that a different wording of the task may make all the difference in student responses. At the very least, subsequent work with the Hospital Task has opened the question of just what researchers can conclude about student reasoning in the context of uncertainty from their responses to this task.
Modifications to the Hospital Task: Taking into Account Student Explanations
Finally, researchers (e.g., Noll 2007; Reaburn 2008; Sharma 1997; Watson and Moritz 2000) have criticized the original task because it did not provide insight into why students reason the way they do or how their reasoning might develop. Kahneman's and Tversky's goal was to investigate whether or not people intuitively use the law of large numbers when reasoning in probabilistic situations. They were not attempting to study why people reason the way they do or how such reasoning develops. Kahneman and Tversky (1972) constructed the Hospital Task as a forced multiple-choice format. This format allows students to have a correct response but does not provide researchers any information about how students understand the relation between sample size and variability. For instance, students who correctly responded that the small hospital is more likely to get a non-representative sample may have simply guessed.
Statistics educators are interested in additional details about why a student selected a particular option, how their choices and reasoning may change through schooling, and how teachers may use such knowledge to inform instruction. We argue that student explanations (for both correct and incorrect responses) enable researchers to build models of student reasoning to support the facilitation of correct conceptions. This section is devoted to research that adapted the Hospital Task in order to focus the investigation on the reasoning underlying a student's choice. This section is divided into two subsections. The first subsection focuses on synthesizing research about why students may select the larger sample or the equally likely response. The second subsection focuses on work that synthesizes conceptual frameworks for organizing our understanding of student thinking about the Hospital Task as well as how thinking on this task may progress throughout the grade levels. Watson and Moritz (2000) adapted the Hospital task by changing the context from a hospital to samples of students in a school setting (see Figure 4 ). Like Bar-Hillel (1982) and Evans and Dusoir (1977) , they also added concrete sample sizes (50 versus 20) and changed the percentage to 80% boys rather than 60% in the original version of the task. Finally, they asked students to explain their thinking. Their analysis focused on student explanations rather than percentages of correct and incorrect responses. Their study contained a total of 62 students. There were 21 grade 3 students, 21 grade 6 students, and 20 grade 9 students from a variety of school regions, including suburban and rural schools. There were equal numbers of males and females. However, their version of the Hospital Task was given in an interview setting to a smaller subset (41 students) of their total sample (three grade 3 students, nineteen grade 6 and nineteen grade 9 students 4 ). On the one hand, because Watson and Moritz (2000) asked students to explain their reasoning, we have insight, not previously available, as to why students made a particular choice. For example, this study showed that students who selected the larger sample size tended to argue that there were more children to pick from, so there were more children to get the higher percentage of boys from (p. 66). Interestingly, a large percentage of the students in Fischbein's and Schnarch's (1997) study choose the larger sample size, as well as 25% of the students in Kahneman's and Tversky's (1972) study. Though the latter two studies did not collect data on students' reasoning, it is possible that the students in these studies had similar type reasoning. In addition, this type of response is reminiscent of additive reasoning, typical of young students on other types of probability problems. Students view the problem in terms of absolute frequencies where a larger sample size means more chance for variability (see Shaughnessy 2007) . Thus, having this information on student reasoning allows us to compare with the results of other educational studies related to sample size and strengthens our knowledge of potential issues students may have when reasoning about sample size in relation to sampling variability.
Student Reasoning on Incorrect Choices
On the other hand, there are significant differences in the context and language between the original version of the Hospital Task and the version used by Watson and Moritz (2000) . The
Researchers went to two schools: One school in the centre of the city and one school in the country. Each school had about half girls and half boys. The researchers took a random sample from each school: 50 children from the city school, 20 children from the country school. One of these samples was unusual; it had more than 80% boys. Is it more likely to have come from:
(a) The large sample of 50 from the city school, or (b) The small sample of 20 from the country school, or (c) Are both samples equally likely to have been the unusual sample? Please explain your answer.
context from hospital to school is probably not a major issue of concern in comparing the tasks. However, Watson and Moritz used new language in their version that may change how students interpret the problem. Specifically, they used the term sample and the term random. The addition of these new terms represents a significant change to the task and, potentially, to how students approach it. For example, on an earlier task in the same study, Watson and Moritz found that young students tended to think of a sample as a little bit of something (a little taste of something) and older students tended to think of sample as a little part of a whole. At least one student in their study selected the smaller sample size, suggesting that if you only sample a few rather than have the whole how would you know the average. This suggests that the student's interpretation of sample as a little part of the whole may have influenced his response. In addition, many of the younger students had not heard the term random before and older students had differing interpretations of what random means. Watson and Moritz reported that students who selected the equally likely option tended to give one of the following reasons: the process is random, or each school population from which the samples were taken had a 50% occurrence of each gender. We wonder, for the students who selected equally likely because of something they believed to be true about random events, how they would have responded to previous versions where random was not part of the phrasing? Thus, their version of the task raises the question of how the addition of the terms sample and random to the Hospital Task changed the nature of students' interpretations.
Reaburn's (2008) task ( Figure 5 ) was adapted with respect to gender (focusing on the number of female births rather than male), average number of births at each hospital per day, percentage of female births on a given day (80% as opposed to lower percentages like 60 or 70 or not providing a specific number at all), and request for an explanation. Reaburn (2008) studied responses to the Hospital Problem as part of a wider study of students' intuitive statistical reasoning at an Australian university. The 26 participants were volunteers enrolled in a first year statistics unit. Of these 26 participants, one had studied mathematics at year 11, twenty had studied mathematics at year 12, one at Technical And Further Education (TAFE) and four at University. Students were given the Hospital Task during class time and student responses were analyzed for patterns in the explanations for their choices.
Three out of twenty-six (11.5%) students chose the incorrect answer (option (a)), ten out of twenty-six (38.5%) chose the incorrect option (equally likely option (c)), one student did not
Half of all newborns are girls and half are boys. Hospital A records an average of 50 births per day. Hospital B records an average of 10 births per day. On a particular day, which hospital is more likely to record 80% or more of female births? (a) Hospital A (b) Hospital B (c) Both equally likely Please explain your reasoning.
respond, and twelve out of twenty-six (46%) chose the correct option (option (b)). All the students who chose the large hospital (Hospital A) suggested that because there are more births to choose from, it is more likely that there will be more female births. Typical explanations included: "Because Hospital A has more births each day than Hospital B, it is likely that there will be more female births too." This type of response is similar to student responses noted in prior research by Watson and Moritz (2000) . This finding suggests that despite the fact that Watson and Moritz changed the task in a significant way, at least some of the student reasoning related to the selection of the larger hospital (or larger sample size) is consistent across versions. Reaburn (2008) observed that two of the students who selected the equally likely option, (c), used reasoning that involved proportions or ratios. For example, "Percentage is independent of the total number of births, it is a proportion." These explanations support the earlier hypothesis of Fischbein and Schnarch (1997) that students studying proportions may be inclined to see the task as relating to the fact that the proportions for each sample are equivalent. The other students who chose the equally likely option used reasoning that involved independence of probability for each individual outcome. For example, "The likelihood of gender is individual to the delivery not on the hospital and the number of babies the hospital delivers" (p. 418). This latter response is also similar to some of the student responses in Watson's and Moritz's (2000) study. Thus, there is some evidence from the two studies that, despite the wording of the task, some students may select the equally likely option because they are focused on the fact that we can expect 50% of births to be boys and 50% girls, just like in a school that contains 50% boys and 50% girls, we can expect samples taken from this group to maintain a similar proportion.
Finally, Reaburn (2008) observed that all the students who chose Hospital B indicated that it was more likely, or as some stated, "easier," for Hospital B to deviate from the 50/50 ratio. For example, students made comments such as "it is more likely that 8 out of 10 births will be female than 40 out of 50, as it only requires that 3 additional births are female to be at 80%, instead of 15 additional female births when there are 50 total births" (p. 417). Again, Watson and Moritz (2000) observed similar responses from some of the students who selected the smaller sample size. Adding some evidence that at least a few students from the two studies may have interpreted the two different versions of the task in a similar way.
Reaburn (2008) also gave the Hospital Task to the same students after their statistics unit was complete. However, only 9 of the original 26 students took the post version. Of these nine, five had originally selected the equally likely option, but in the post version four of these five selected the smaller hospital. This suggests that instruction can help student intuitions. However, Reaburn's sample is too small to draw any real conclusions. In addition, we do not know what happened in the instructional unit and if a version of the Hospital Task was used specifically in instruction.
Conceptual Frameworks of Student Reasoning
This section details studies that utilized some version of the Hospital Task, had students explain the reasons for their choices, and then built models of students' thinking based on the categories that emerged in analysis. This section begins with a continuation of the Watson and Moritz (2000) study, describing the three-tiered framework of statistical literacy they developed.
Ensuing subsections outline additional frameworks from studies involving new populations: a non-Western culture, high school teachers, and graduate students, respectively. Watson and Moritz (2000) asked students to explain the reasons for their choices and based on student responses classified student reasoning into a three-tiered framework of statistical literacy. Tier 1 is the development of a basic understanding of statistical terminology; Tier 2 is the development of an understanding of statistical language and concepts when they are embedded in the context of wider social discussion; and Tier 3 is the development of a questioning attitude one can assume when applying more sophisticated concepts to contradict claims made without proper statistical foundations (p. 48). They suggested that in order to progress from Tier 1 to Tier 2, students needed to develop an appreciation of variability and the concept of random selection, and in order to progress to Tier 3, students needed to develop an appreciation of the role of sample size and sample selection methods. Recall that their version of the Hospital Task included the language of sample and random. Take, for example, a student who suggested that either the small or large sample is equally likely to be the unusual one because the samples were drawn randomly from the population would be coded at Tier 2 because they have an appreciation of random selection as equaling the playing field and protecting against bias samples. However, such a response does not show an appreciation of the role of sample size in relation to sampling variability. Their framework provides curriculum planners a way to think about developing activities that can facilitate student development through the three tiers. Sharma (1997) , as part of a larger study, used a variation of the Hospital Task to explore Fijian high school students' understanding of sampling variation. Though her version of the task (see Figure 6 ) asked students to explain their answer, she changed the context of the problem to coins because she thought that the context of the hospital problem might confuse non-Western students. The secondary school selected for the research was an average high school in Fiji. The class consisted of 29 students aged 14 to 16 years of which 19 were girls and 10 were boys. Fourteen students were selected from this class and were representative of the larger group in terms of abilities and gender. suggested that the speed at which the coin is thrown or the direction it swings will depend on whether or not it lands on heads or tails.
Non-Western Students' Perspectives
Student responses coded as partial-statistical applied rules inappropriately or based their reasoning on intuitions such as equiprobable and outcome approach (see Konold 1989) . For example, students who appeared to use an outcome approach said that it was impossible to respond because it was "just a matter of chance." To be coded as statistical, student responses needed to include a discussion of the probability of getting a head or tail and what might happen in sequences of flips over the long run. For example, if a student suggested that it is easier for the ten flips to deviate from 50% to 80% because that only requires three additional tosses to be heads as opposed to fifteen additional tosses to be heads to get 80% heads with 50 tosses. None of the students' responses in Sharma's study were coded as statistical. Table 2 provides a break down for the numbers of students from each category as well as the numbers of correct responses 5 . It must be acknowledged that the limited use of probabilistic reasoning on this question may be a consequence of a lack of emphasis on variation in the Fiji curricular materials. Moreover, Sharma (1997) suggested these students were not used to explaining their thinking or perhaps had difficulty in explaining their reasoning in detail due to language difficulties. On the one hand, this population of students spanned a different culture in the sense that these were the first group of students from a non-Western educational background to be given the Hospital Task. Sharma suggested that their consideration of the context or lack there of may hold different consequences for how they respond to the problem than students who receive a Western education because students receiving a Western education are accustomed to solving problems that do not necessarily serve some purpose. Why would anyone want to know which person gets 80% or more heads? She argued that many students in Western cultures are used to being asked to solve mathematical tasks that lack purpose because they know how to operate within the school setting. On the other hand, Sharma removed the context for her study because she thought that the hospital context might confuse students from a non-Western culture. Thus, the responses in this study raise new questions. How do we use the Hospital Task in different cultural settings to get useful information on student thinking? Is there a weakness in the wording of Sharma's version of the task in that it is completely open-ended and does not focus the students to draw on other relevant knowledge? Students have to assume that heads and tails are equally likely. Perhaps including cues such as "fair" in the question would have aided in students' interpretation of this question.
Pre-service High School Teachers' Perspectives
Watson (2000) gave a version of the Hospital Task (see Figure 7 ) to 33 pre-service teachers (PSTs) who were all in a post-graduate teaching program. There was wide variation in the mathematics background of these students: 23 had at least studied mathematics up to the second year as part of their previous university courses (one of these was on leave from a PhD enrollment in mathematics), and 10 had a less extensive mathematics background. Unlike previous studies, participants were given the task to work on overnight but asked to complete it on their own. Watson's goal was to add to information provided from previous studies by sharing strategies of adults, specifically those planning to become high school mathematics teachers. She wanted to investigate how intuition versus mathematical calculations played into how students solved the problem and to see if there were gender differences in solution strategies. 
Student responses were collected and Watson used a clustering technique (as in Miles and
Huberman 1994) to analyze student reasoning. Students were divided into those who used intuitive reasoning only, mathematical reasoning only, or a combination of the two. Watson's results are summarized in Table 3 . Intuition was defined as Fischbein and Schnarch (1997) did -"cognition that appears subjectively self-evident…" (p. 96). For example, the following response would be coded as intuitive, "I can't work this out mathematically, but intuitively I would say that the smaller hospital is more likely to have more variation from the average of 50% boys. …the more babies there are, the more likely the frequency of boys is to converge to 50% of births" (p. 125).
Mathematical reasoning was defined as using mathematical calculation. The mathematical reasoning code was subdivided into whether students utilized the binomial distribution or normal approximation to the binomial (formal), or more elementary mathematics, such as percentages (basic). For example, one student's basic mathematics argument was:
Given that, for the larger hospital to record 60% or greater boys in a given day would require at least (27/30) 90% of the average number of boys born per day, as compared to only 30% (9/30) or more for the smaller hospital, one would suggest that it is more likely for the smaller hospital to record a greater number of such days.
A town has two hospitals. On the average, there are 45 babies delivered each day in the larger hospital. The smaller hospital has about 15 births each day. Fifty percent of all babies born in the town are boys. In one year each hospital recorded those days in which the number of boys born was 60% or more of the total deliveries for that day in that hospital.
Do you think that it's more likely that the larger hospital recorded more such days, that the smaller hospital did, or that the two recorded roughly the same number of such days? In terms of students successfully selecting the small hospital, Watson's results, 55% success rate, are higher then that of the university students in Kahneman's and Tversky's (1972) study (20%) and to the students surveyed by Fischbein and Schnarch (1997) , (1%). This finding is not surprising given that the students in her study had stronger mathematics backgrounds. Watson did not observe any significant differences in responses of female versus male students on this task. Table 3 shows that the students who used mathematical arguments alone were more successful than those who used intuition alone. Yet, it is also apparent that mathematics alone was not a successful strategy for everyone. Some students made errors in their formal mathematical calculations but were unaware of their mistakes. Watson suggested that it was surprising not to see more students use intuition with formal mathematics. She argued that future teachers of mathematics need a certain amount of intuition for these kinds of problems so that they have a sense of when a mathematical solution makes sense. If the students who incorrectly applied the binomial distribution had some natural intuitions then perhaps they would have found the mistake in their calculations. Watson's (2000) work added to previous studies by exploring the thinking of students with formal mathematics backgrounds.
Graduate Student Perspectives
Noll (2007) used Watson's and Moritz's (2000) version of the task ( Figure 5 ) to investigate graduate teaching assistants' (TAs') understanding of the connections between probability, sampling, statistical inference and the role of sample size in sampling variability. The task was given in survey form to 68 TAs from 18 different universities across the United States. The TAs in this study were enrolled in graduate mathematics (7 or 10.3%), statistics (54 or 79.4%), mathematics education (3 or 4.4%), or a related programs (4 or 5.9%) of study, and 97% had taken at least one graduate course in statistics. Noll conducted follow-up interviews with 5 TAs (volunteers from the same mathematics and statistics department). Noll reported that 55 of the 68 (80.9%) TAs who took the survey indicated that the small sample is more likely to be unusual. Yet, 12 TAs out of 68 (17.6%) responded that both samples were equally likely to be unusual, and one TA out of 68 (1.5%) indicated that the large sample was more likely to be unusual.
Noll developed a three category conceptual framework based on her analysis of the data: probability theory; sampling distributions; and, the outcome approach (as in Konold 1989) . The probability theory approach consisted of two possible perspectives. The first perspective is connecting the context to a particular probability distribution (either applying a binomial or hypergeometric probability distribution). The second perspective is an application of the law of large numbers and suggests that as sample size increases sample variability tends to decrease.
Those TAs who indicated that the small sample is more likely to be unusual used either the binomial probability distribution argument (8.8% of the 55 TAs) or the law of large numbers (67.6% of the 55 TAs). Evidence for probability theory arguments were clear. For example, TAs gave explanations such as, "as sample size increases standard deviation decreases" or "using a binomial probability model I calculated the probabilities for 50 choose 40 versus 20 choose 16." A sampling distribution approach was defined as an image of hypothetically repeating the experiment, collecting many sample statistics from samples of size 50 and from samples of size 20, and finally comparing the variability in the sampling distributions. Under this approach one would expect the sampling distribution for samples of size 50 to be less variable than for those of size 20. None of the TAs in this study used this approach.
The outcome approach indicates that the focus is predicting whether the particular sample of 20 is more or less likely to be unusual than the particular sample of 50. With this approach there is no focus on repeating the sampling process or thinking about what is likely to happen in the long run. Eleven of the 12 "equally likely" responses gave reasoning consistent with an outcome approach. These student explanations suggested that because both school populations had an equal ratio of boys and girls and the samples were randomly drawn, there was no reason to suspect that either sample was more likely to be unusual. The responses of these 11 TAs provides some indication that these TAs did not view the sample of size 50 and the sample of size 20 as one particular case of many possible sample cases. That is, these TAs may not have interpreted this problem as being related to the long-term relative frequencies. Rather, these TAs may have been answering the question: "For these two particular samples, one of size 20 and one of size 50, is one more likely to be unusual than the other?" In addition, this type of explanation is similar to what Watson and Moritz (2000) observed with some of the students in their study who selected equally likely. These TAs would be coded at Tier 2 by Watson's and Moritz's framework for statistical literacy
At the beginning of the interviews, Noll asked each of the TAs to explain how they interpreted the problem and to elaborate on the reasons for their choices. Two of the five TAs reasoned about this task from an outcome approach, and three of the five reasoned about this task from probability theory. The additional evidence of outcome approach responses from two of the five TAs she interviewed was compelling. Noll showed they did not have robust knowledge of the relationship between sample size and sampling variability. The TAs' responses were based on the degree to which they believed they could predict the outcome for this one unique event. The participants argued that the samples were randomly selected and the ratio of boys to girls at each school was the same, so there would be no way to tell which sample was more likely to be unusual.
While the majority of TAs in the study responded in statistically appropriate ways to this task, the study is important for two reasons. First, it adds to the developmental frameworks from previous literature (e.g., Konold 1989; Watson and Moritz 2000) and, taken together, this research reveals a developmental progression from elementary school through advanced studies in statistics. For example, there is now literature that frames student reasoning in terms of statistical literacy skills (Watson's and Moritz's framework) and in terms of progressions of statistical thinking approaches (outcome approach -Konold, sampling distributions, probability theory -Noll). These frameworks suggest different ways to view student thinking, depending on the purposes of instruction and the grade level. In the early grades, for instance, we are focused on developing students' basic notions of statistical terminology and literacy skills. Teachers may need to classify where students fit within a hierarchy of reasoning. In contrast, as students progress in school, we may need to consider the implicit notions of probability that may underlie a particular view. Second, it is surprising that thirteen TAs (most of whom had numerous graduate statistics courses) did not respond in a normative way. The two TAs who used the outcome approach in the interviews were at the end of their master's programs in statistics. This suggests that the "equally likely" misconception may be quite robust despite significant amounts of statistics instruction. It also suggests that some teachers of statistics may perpetuate this misconception if they themselves have it.
Comparisons Across Versions of the Hospital Task
Just as with the original version of the Hospital Task, newer versions (e.g., Figures 2 & 3) have not gone without criticism from the research community. In particular, all versions of this task have been criticized in terms of what the task actually measures. Sedlmeier and Gigerenzer (1997) made a compelling argument that there is a significant difference between different versions of the task in terms of the type of distribution involved. They argued that in the original version the focus is on a sampling distribution because the task asks about a proportion over the course of the year on multiple days. In contrast, they suggested Evans ' and Dusoir's (1977) version (Figure 2 ) focuses on the distribution of a sample (Sedlmeier and Gigerenzer used the language frequency distribution) because the problem asks about the sex of babies on a particular day. For ease of comparisons, Table 4 provides summary data from all of the studies reviewed in this paper.
Sedlmeier and Gigerenzer (1997) quoted Jacob Bernoulli, "even the stupidest man knows by some instinct of nature per se and by no previous instruction that the greater the number of confirming observations, the surer the conjecture" (p. 33). However, Kahneman's and Tversky's (1972) study and some of the other studies outlined here appear to contradict Bernoulli's statement. Sedlmeier and Gigerenzer constructed a hypothesis for why so many of the studies using the Hospital Task gave results that contradict Bernoulli's claim. Sedlmeier and Gigerenzer argued that people in general have natural intuitions when it comes to distributions of single samples and recognize that larger samples are less variable. They referred to this as intuition for the empirical law of large numbers. In their study, they categorized versions of the Hospital Task that focused on sampling distribution problems and those that focused on distributions of a single sample (i.e., frequency distributions), and concluded when the task was phrased in a way that focused on distributions of single samples, participants tended to perform much better (i.e., used natural intuitions that one large sample gives better information then one small sample). They argued that there are few instances in ordinary life where one would have a reason for collecting many samples and looking at the distribution of sample means from those samples. However, there are many instances where one would find reason for collecting a sample, recognizing that the larger the sample collected the better the prediction. Saldanha and Thompson (2003; claim that students, when asked to make judgments about outcomes of random sampling, tend to focus on individual samples and statistical summaries of them instead of how collections of sample statistics are distributed. In addition, they observed students' preferences for aggregating repeated samples into one large sample rather than looking at a distribution of sample means from repeated samples. This is consistent with Sedlmeier's and Gigerenzer's (1997) argument that really only statisticians have developed the concepts of using sampling distributions to study problems.
Gigerenzer (1996) also criticized Kahneman's and Tversky's (1972) work for focusing on only one interpretation of probability, that of a frequentist perspective and what should happen over the long term. Gigerenzer suggested that people may have natural tendencies to interpret probability situations with a singular perspective rather than a long-term frequency perspective. A singular perspective is characterized by a focus on the causal system that produced the particular outcome and by an assessment of likelihood based on "the propensities of the particular case at hand." In contrast, a distributional perspective relates the case at hand to a sampling schema and views an individual case as "an instance of a class of similar cases, for which relative frequencies of outcomes are known or can be estimated" (p. 512). Konold (1991) found strong empirical support for this conjecture. He provided compelling evidence that people, when asked questions about probability, think they are being asked to predict with certainty the outcome of an individual trial of an experiment. Konold refers to this perspective as the outcome approach. On the one hand, Falk and Konold (1992) While the arguments made by Sedlmeier and Gigerenzer (1997) that characterize the different versions of the task from a frequentist vs. subjective perspective are compelling, we do not find them entirely convincing for explaining why results were better in versions of the task focused on single samples. First, many of these studies did not use similar populations of students (e.g., university students and/or spanned different countries). Student responses across age and culture contain significant sources of variability, such as normal mathematical maturity as well as type of curriculum materials. Second, the sample sizes used in the studies reported here were all relatively small and none of the studies incorporated a randomized control study of different versions of the task. Thus, any broad conclusions from these studies should be tempered in light of this knowledge. Third, sampling distribution versions of the tasks appear to be much more complicated linguistically because phrasing includes language about "the number of days on which the average…" as compared to a question about the average of a single sample. While Sedlmeier and Gigerenzer argued that it is not the complex wording of the task that makes it less understandable to students, rather the distinction between the sampling distribution and frequency distribution. We disagree. The phrasing required to indicate that the problem is about averages from many samples is inherently more complicated then a simple statement about the collection of one sample. Finally, as has already been mentioned, many of these studies did not ask students how they interpreted the problems or to explain their reasoning. Thus, we do not have robust data on how students interpret sampling distribution and frequency distribution problems. In order to bring in additional viewpoints on what the different versions of the Hospital Task measure, we asked four statistician colleagues to share their thinking about different versions of the Hospital Task. They each suggested that the task was designed to assess a student's knowledge of variability. In addition, two also explained that the task could be used to assess students' knowledge of the law of large numbers as well as expected value. Interestingly, they all felt that different versions of the task measured the same idea and would produce similar responses in students. These four statisticians did not raise issues with frequency distribution versus sampling distribution versions of the task. It could be that for expert statisticians, sampling distribution concepts are completely intuitive after years of practicing statistics and, thus, they do not see why students might struggle with ideas of sampling distributions more than ideas of frequency distributions.
We also asked these statisticians whether they thought the task was useful in supporting students' development of important statistical ideas of variability. Two stated that it was useful for helping students to understand the role of sample size in sampling variability. One statistician suggested that the usefulness of the task depended on how the task was introduced in the classroom. She suggested that while it is important for students to learn about variability, and that larger sample sizes produce more consistent results, this type of question, as written, "seems counter intuitive" unless tied to decision making contexts and how this knowledge can help one make reasonable decisions under uncertainty. Finally, one statistician did not believe the task was useful because he did not believe it was a good predictor of students' statistical intuition, rather he believed the task was more of a "trick" problem. He suggested that the wording leads students to select the equally likely response unless they were trained with tasks like the Hospital Task during instruction. Some of the opinions of these statisticians overlap with critiques of how this task has been used in the research literature. We still have little information about how students from these studies interpreted the question, nor how they view probability (e.g., outcome approach or frequentist approach).
Discussion and Conclusions
In this paper, we described the original version of the Hospital Task (recall Figure 1) . This task was given to undergraduate students. The main conclusion was that students tended to select the equally likely option (the non-representative sample is equally likely to come from a small or large sample), suggesting people do not recognize the role of sample size in sample variability. There were three primary criticisms of the original task, which led to subsequent modifications and further research studies. First, the task was deemed overly complex in part because it did not provide students with concrete sample sizes for the large and small sample. Second, the task only provided 60% for the proportion of the boys born, missing an opportunity to investigate whether or not students found this percentage far enough away from the expected 50% to consider it nonrepresentative. Third, the task was a forced-choice problem with no opportunity to query students as to the reason for their choices; thus, a missed opportunity to understand student thinking. In addition, there was some criticism across studies. Sedlmeier and Gigerenzer (1997) criticized research that used versions of the task that were constructed using sampling distribution language (i.e., average boys born over a year). They also criticized studies that employed multiple versions of the task (versions containing sampling distribution language and frequency distribution language), if the researchers did not acknowledge that the complexity was based in people's lack of natural intuition for sampling distribution as opposed to complexity in the wording of the task.
Returning to the first research question posed at the beginning of this paper: What do the studies utilizing the Hospital Task tell us about how students reason about uncertainty? Looking for common themes across Table 4 provides some indication that the equally likely option is appealing to high school and college students with limited mathematics backgrounds. Many of the studies involving high school and college students found 50% or more of the students selecting the equally likely option. The percentage of students selecting equally likely did appear to drop when the task indicated larger percentages of boys born (70% or 80%) or when the task talked about babies on one day versus over the year. In addition, the data summarized in Table 4 shows that younger students may have tendencies to select the larger sample size. Yet, we find that this research is still in its infancy and there are numerous limitations. The original study was focused on telling us what people's natural tendencies regarding sample size and sampling variability were. The task was not designed to give us insight into how students think statistically, nor how they interpret the task. Subsequent studies provided further insights into how students might interpret this task (or variations of it) as well as the reasoning behind their selections. However, subsequent studies involved relatively small samples of students where researchers had convenient access to the populations. Thus, results from these studies are tentative.
However, these limitations provide an opportunity for future research. The work that has been done provides a road map for future studies. For example, our review of studies involving the Hospital Task suggest that (1) the phrasing of the task; (2) task context; (3) statistical implications of the task (sampling distribution versus frequency distribution); (4) having multiple versions and multiple tasks to test task efficacy; (5) participants' interpretations of task; (6) mathematical background of participants; and, (7) culture of participants are all vital components if we are to design tasks that the statistics education research community can use to construct models of student thinking and development and, subsequently, use such models to design quality statistics curriculum. Particular directions include scaling up studies with larger populations of students, cross cultural studies to further investigate possible differences there, randomized controlled trials to better compare and contrast different versions of the tasks, and more qualitative analysis into student reasoning with this task. Scaling up studies would allow researchers to begin to generalize findings to larger groups of students. Cross cultural studies involving the Hospital Task (as well as other forms of sampling tasks) may be useful for informing statistics educators of how students' statistics knowledge develops in coordination with their particular cultural contexts. Greer and Mukhopadhyay (2005) caution us that statistics has been introduced with minimal regard to historical and cultural contexts in spite of the fact that it is a cultural construction. Randomized controlled trials with different versions of the task would allow researchers deeper insight into how students interpret different versions of the task and may provide further insight into Sedlmeier's and Gigerenzer's (1997) hypothesis of people's intuitions for the empirical law of large numbers.
Finally, the collection of these findings into a synthesized whole is informative for the field with respect to the second question addressed in this paper: Can statistics educators use the Hospital Task to construct helpful conceptual frameworks about student thinking? Worthwhile among the findings are that students' reasoning changes over time. For example, there may be a natural development from a focus on total frequency -'more data more opportunity for variation;' to a focus on proportions -'same proportion means equally likely;' to a focus on the role of sample size -'large samples tend to be more representative.' In addition, the research provides some categorization of reasoning about probabilistic settings: the outcome approach, the frequentist approach, and a formal probability approach. These findings give the field an initial framework for the kinds of reasoning students apply to this problem, including reasoning types at different grade levels (elementary school through graduate statistics students). The initial framework also provides a starting point for future investigations that could refine, revise and extend the current framework. Furthermore, the framework and results of the various studies synthesized here can be of value to teaching. For example, if we know that young students tend to start off reasoning about these kinds of problems based on the larger the sample the more variation we can see, then we can sequence instruction to build toward proportional reasoning skills or hands-on simulations where students can take small and large samples and observe the results. Likewise, if we know that students may hold differing interpretations of probability in different settings then we can address the underlying notions of probability more explicitly in instruction.
